Abstract: In this paper we introduce the confinement into the kernel of the BFKL equation, assuming that the sizes of produced dipoles cannot be large. The goal of this paper is to find how this assumption, which leads to a correct exponential decrease of the amplitude at large impact parameters, affects the main properties of the BFKL Pomeron. We solve the equations for total cross section and |b 2 | numerically and developed some methods of analytical solutions. The main result is that the modified BFKL Pomeron has the same intercept and α ′ IP = 0 as the BFKL Pomeron. It gives us a hope that the unknown confinement will change only slightly the equations of the CGC/saturation approach.
Introduction
The large impact parameter dependence of the scattering amplitude has been the principle but still unsolved problem in the CGC/saturation approach for the past decade. It was shown in Refs. [1] [2] [3] [4] that CGC/saturation approach [5] [6] [7] [8] that leads to the partial amplitude smaller than unity and satisfies the unitarity constraints, generates the radius of interaction that increases as a power of energy in explicit contradiction to the Froissart theorem [9] . It stems from large b behaviour of the BFKL Pomeron [10, 11] which has the form: A (b ≫ 1/Q s ) ∝ s ∆ /b 2 * . Amplitude A (b ≫ 1/Q s ) becomes of the order of unity and (iii) what is dependance of the residue of the BFKL Pomeron on the size of dipole. The goal of this paper to compare the BFKL Pomeron with the modified kernel to the soft Pomeron we know both from the Regge high energy phenomenology [31, 32] and N=4 SYM with AdS-CFT correspondence [33] [34] [35] . These approaches leads to the soft Pomeron with sufficient large values of the intercept and with the slope (α ′ IP ) which is equal to zero ( |b 2 | ∝ α ′ IP Y ). The result of the paper are the answers to these three questions. We found out that the intercept for the modified BFKL Pomeron is the same as the intercept of the BFKL Pomeron with original kernel (B = 0 in Eq. (1.2)) ‡ . At high energies |b 2 | → Const. In other words we expect that α ′ IP → 0 at large Y . The Pomeron residue does not depend on the dipole sizes (r) for r < 1/B but it drops for r > 1/B. In short we see that the Pomeron with the modified kernel matches the soft Pomeron as we know it both from N=4 SYM and phenomenology.
The paper is organized as follows. In the next section we consider the BFKL Pomeron and discuss its main properties concentrating our attention mostly on the impact parameter dependence. In section 3 we present the numerical solution for the modified BFKL Pomeron with the kernel of Eq. (1.2) with B = 0. In this section we develop several analytical methods to evaluate the intercept of the modified BFKL Pomeron: variational method, semi-classical and diffusion approximations. We solve the equation for |b 2 | and show that the numerical solution and the analytical estimates lead to |b 2 | which does not depend on energy. In addition, we evaluate the saturation momentum which turns out to show much milder energy behaviour for the modified BFKL Pomeron than for the BFKL equation.
In conclusions we summarize the results and compare with the soft Pomeron.
Impact parameter dependence of the BFKL Pomeron

The BFKL Pomeron: generalities
The general solution to the BFKL equation for the scattering amplitude of two dipoles with the sizes r 1 and r 2 has been derived in Ref. [10] and it takes the form N (r 1 , r 2 ; Y, b) = (2.1)
with ω(γ, n) =ᾱ S χ(γ, n) =ᾱ S (2ψ (1) − ψ (γ + |n|/2) − ψ (1 − γ + |n|/2)) ; (2.2) where ψ (γ) = d ln Γ (γ) /dγ and Γ (γ) is Euler gamma function. Functions E n,γ (ρ 1a , ρ 2a ) are given by the following equations. At large values of Y the main contribution stems from the first term with n = 0. For this term Eq. (2.3) can be re-written in the form
The integrals over R 1 and R 2 were taken in Refs. [10, 12] and at n = 0 we have
where F is hypergeometric function [13] . In Eq. (2.7) w w * is equal to
and b γ is equal to
Finally, the solution at large Y takes the form
Eq. (2.10) shows that at large b ≫ r 1 and r 2 w w * = r 2 1 r 2 2 /b 4 ≪ 1. Therefore, we can replace F functions in Eq. (2.7) by unity and Eq. (2.10) degenerates to the following expression
where at Y ≫ 1 γ → 1/2 and ω 0 =ᾱ S χ(1/2). One can see that
-4 -For DGLAP evolution the essential r 1 ≪ r 2 and γ → 0 and Eq. (2.10) takes the form
One can see that or b ≪ r 2 w w * = r 2 1 /r 2 1 and the impact parameter dependence can be introduced through non-perturbative initial condition. However, for r 1 ≪ | b − 1 2 r 2 | ≪ r 2 w w * = r 2 1 /| b − 1 2 r 2 | 2 and b dependence cannot be absorbed in the initial condition.
Equation for |b
In this section we derive the equation for |b 2 (Y, l) | defined as
The BFKL equation takes the form:
where N BF KL (x 12 , b; Y ) = N BF KL (x 12 , b; Y ) /x 2 12 and x 12 is the size of the dipole (r 1 in the notation of the previous section). The size of the second scattered dipole r 2 we suppress in the notation.
Integrating Eq. (2.14) over the impact parameter we obtain the equation for 
where l = ln x 2 12 Λ 2 QCD and ω (ν) = ω Taking integral over ν we have
The second term in Eq. (2.16) is a function of only Y . We solve Eq. (2.16) using double Mellin transform 
The l.h. 
with arbitrary n (ν). 
Using Eq. (2.26) the general solution can be written as
Function n (ν) should be found from the initial condition
Resolving Eq. (2.28) we obtain
Taking integral over ω we get for ν → 0
One can see that at small D 0 ν 2 Y the factor in curly bracket vanishes. Taking the integral over ν using the steepest decent method we see that this parameter is equal to
Since we are interested mostly in the solution at l which is not very large concentrating our effort on so called Regge domain, we can safely consider this parameter as being small. Expanding Erfc √ D 0 ν 2 Y with respect to this parameters, we see that
Therefore, plugging solution of Eq. (2.31) into Eq. (2.13) one can see that
in this approximation. Such a behaviour of |b 2 | versus Y has been expected (see Ref. [41] ). Comparing this behaviour with |b 2 | = 4α ′ IP Y one can see that α ′ IP for the considered modification of the BFKL Pomeron is equal to zero. 
Numerical solution
Searching for numerical solution of Eq. (2.15) we introduce the regulator at short distances R in the following way 
Modified BFKL Pomeron
In this section we solve Eq. (2.15) and Eq. (2.16) in which the BFKL kernel are replaced by K B (x 13 , x 32 |x 12 ). As has been mentioned above the numerical calculations in Refs. [14] [15] [16] [17] show that such a modification of the BFKL kernel leads the exponential decrease of the scattering amplitude at large values of the impact parameter. Actually, we can see this directly from the equation (see Eq. (2.14)) . Indeed, one can see that -9 -the main contribution at large b stems from the region where | b − x 32 | ≤ x 12 . At such x 32 the equation takes the form
We can replace exp −B x 2 13 by K 0 (µx 13 ) to reproduce correct exp (−µ b) at large b (see more detailed analysis of the form of the BFKL kernel in Ref. [14] ). Nevertheless, we solve the equation with the kernel of Eq. (1.2) since we interested in the behaviour of the |b 2 (Y, l) | versus energy for which the particular form of the kernel is not important.
The initial condition for solving Eq. (2.15) and Eq. (2.16) we take in the following form
with b 2 0 = 1/B. It should be stressed that Eq. (2.18) follows from the calculation of the amplitude for dipole-dipole scattering calculated in the Born Approximation of perturbative QCD. Introducing cutoff B we still consider the same initial conditions, that follows from the perturbative QCD calculation, since our main goal to study the influence of the evolution in Y with the modified kernel of Eq. (1.2) on the behaviour of the scattering amplitude at large b.
It should be stressed that using the initial conditions of Eq. (3.2) one can see that introducingx 2 ik = B x 2 ik the modified kernel takes the form
while the initial conditions of Eq. (3.2) can be re-written as N BF KL (x 12 ; Y = 0) = ln 1/ x 2 12 . Therefore, inx ik the equation and the initial conditions have the same form for any values of B. However, we prefer to solve equations with the kernel K B (x 13 , x 32 |x 12 ) using the B independence of the solution as the way to check the accuracy of our calculations. For numerical solution we again introduce the short distance regulator in the same way as in Eq. (2.33) replacing K B (x 13 , x 32 |x 12 ) by the following expression we do not show the dependence on the value of the regulator R but we actually studied this dependence in the same way as for solution to the BFKL equation and saw that the solution does not depend on the value of R . To see the power-like dependence of the solution in a clearer way we plot in Fig. 4 d ln (N (x 12 ; Y )) /dY . We see that the value of the intercept is smaller than the BFKL intercept but it is still increasing approaching this value. In Fig. 5 we show that l dependence of the intercept is very similar to the BFKL Pomeron. 
where t = x 2 13 /x 2 12 . The first term describes the increase of the dipole size due to evolution while the second one corresponds to normal DGLAP evolution in which the dipoles sizes decreases with the growth of Y . Introducing the modified BFKL kernel we cut the sizes of the intermediate dipoles such thatx 2 13 ≤ 1 (t ≤ 1/x 2 12 . Assuming x 2 12 ≤ 1 we see that we do not change integration over t < 1 but t should be smaller than t ≤ 1/x 2 12 . Therefore, we can estimate the modified kernel using
Introducing the variable t =x 2 12 /x 2 12 which is smaller that 1, we can re-write Eq. (3.6) in the form
Taking the integral we obtain χ (γ, 0;x 12 ) = χ BF KL (γ, 0) + arccsch 2/x 
The variational principle has the following form for the problem of finding the maximal intercept
From convergency of d 2x 12 Ψ * tr (x 12 , γ) Ψ tr (x 12 , γ) we conclude that γ ≥ 0.5. From Fig. 6 we see that ω(γ = 1/2) coincide with the BFKL value. In other words, we prove that the resulting maximal ω can be either equal to the BFKL one or larger than the BFKL value.
Semi-classical solution
Examining the property of the solution to the modified BFKL equation we wish to find a semi-classical solution to this equation searching it in the form: = 0 (3.14)
Deriving Eq. (3.14) we use that γ is a smooth function and performing the integral of Eq. (3.7) we can consider γ as being a constant. Since the equation is the first order differential equation in respect to Y the condition for applying the semi-classical approach looks as follows
where l = ln x 2 12 /Λ QCD . It is known [38] that for the equation in the form
we can introduce the set of characteristic lines : l(t), Y(t), S(t), ω(t) and γ(t) which are the functions of the variable t ( artificial time), that satisfy the following equations:
The fifth equation is Eq. (3.14).
First, we see two thing which simplify a bit the equation: we can consider t = Y and dividing Eq. (3.17)-4 by Eq. (3.17)-1 we see that
We solve this equation putting γ (l = ∞) which coincide with the solution to the BFKL , as the initial condition. Due to convergency of the integral for the norm of N we know that γ (∞) ≥ 0.5.
The second step after finding γ (l) is to solve Eq. The last the third step is to find from Eq. (3.14) the value of ω. In Fig. 7 we plot function γ (l) for different γ ∞ = γ (l = ∞), while Fig. 8 shows the dependence of ω (γ) = ω (Y, l) − χ (γ, 0, l) versus l.
-14 - In Fig. 9 we plot the ratio dγ (l) /dl (1 − γ (l)) 2 and the product ldγ (l) /dl as a function of l. One can see that both of these observables turn out to be small and, therefore, we can trust the semi-classical approach.
Concluding this subsection we see that the semi-classical approach leads to ω = ω BF KL .
Diffusion approximation
In direct analogy with the BFKL equation we develop in this section the diffusion approximation to the The ratio dγ (l) /dl (1 − γ (l)) 2 (see Fig. 9 -a) and the product l dγ (l) /dl (see Fig. 9 -b) versus l for γ (∞) = 0.5.
modified BFKL equation. The main idea of this approximation is to introduce a new function
The diffusion approximation means that we can reduce the modified BFKL equation to the differential equation using the following expansion forn (ω, l):
The equation takes the form after plugging in Eq. (3.20) into Eq. (3.10)
Functions ∆ (l),d1 (l) and d2 (l) can be expressed through the kernel χ Introducingn (ω, l) = exp (φ (ω, l)) for function φ Eq. (3.21) reduces to
where γ = ∂φ(ω,l)
∂l .
-16 - 
Therefore, for large and negative l the solution for
These values give us the initial condition for Eq. (3.23).
Solving Eq. (3.23) numerically we see that for all ω ≤ ω BFKL γ ≤ 0 at l → +∞. Such γ lead to the amplituden which normalization is convergent integral, namely,
while for ω > ω BFKL γ at large l > 0 is positive and the integral in Eq. (3.25) is divergent (see Fig. 11 ).
In other words, our spectrum of ω is continuous with ω ≤ ω BFKL . 
Pomeron slope
Approaching the problem of calculation of |b 2 | , the first observation that we can make is that Eq. (2.16) is valid also for the modified BFKL kernel. Indeed, the kernel itself does not depend on the impact parameter and functions E n,γ (ρ 1a , ρ 2a ) is the complete set of functions. As we noticed in derivation of Eq. (2.16) the term in . . . in Eq. (2.17) vanishes due to invariance of function E n=0,γ (ρ 1a , ρ 2a ) with respect to transformation b → − b. Since ω (γ, n) ≤ 0 for n ≥ 1 the only component of the arbitrary function of the initial condition that survives at large Y is its projection on E n=0,γ (ρ 1a , ρ 2a Fig. 12 ). In the Reggeon approach this value gives the information on the slope of the Pomeron trajectory
One can see from Fig. 12 that |b 2 | does not depend on Y at large values of Y . Actually, the solution to the modified BFKL equations shows a weak Y dependence (see Fig. 13 which is zooomed Fig. 12) . However, even if we assume that |b 2 | | B=1 = 4α ′ IP Y the value of α ′ IP ≤ 0.510 −5 b 0 is extremely small. Hence we can conclude that the modified BFKL Pomeron has α ′ IP ≈ 0. This result was expected and its explanation based on the general features of QCD. The general origin of the increase of |b 2 | with Y ( The relation: |b 2 | = 4α ′ IP Y ) , was understood in 70's by V.N.Gribov (Gribov's diffusion [42] ). Each emission leads to change in impact parameter by ∆b 2 = 1/p 2 T where p T is the typical transverse momentum. After n emission b 2 n = ∆b 2 n which corresponds to the random walk in the transverse plane. Since the number of emission is proportional to Y we obtain |b 2 | ∝ Y . In the parton model the typical p T is independent of Y and, therefore, we see that diffusion in b leads to α IP = 0. However, in QCD average p T depends on Y . Such dependence stems from the diffusion in ln p T -18 - . From this formula one can see that we see two different branches in the BFKL equation: one leads to a rapid increase of the typical transverse momentum while another to a steep decrease. This decrease does not influence the calculation of the average p T , resulting in α ′ IP = 0 for the BFKL equation. Modeling confinement by introducing cutoff in the sizes of produced dipoles we prohibit the decrease of the typical transverse momenta of the emitted gluon. As a result, the only diffusion in the large transverse momenta occurs leading to negligible α ′ IP . Fig. 14 shows the dependence of |b 2 (Y, l) | on l = ln x 2 12 B at B = 1 GeV 2 . We can see that the dependence of |b 2 (Y, l) | on l is rather weak except the region of l close to 0. The maximum at l = 0 stems from Gribov's diffusion during the first several emissions until the average p T grows to a considerable value.
Saturation momentum
We have demonstrated that the modified Pomeron has a correct behaviour at large b but violates the s-channel unitarity (Froissart theorem [9] ) both for the partial amplitudes and for the total cross section, since they are proportional to s ω BFKL . Therefore, we need to develop the CGC/saturation approach [5] [6] [7] [8] and reference therein), based on the modified BFKL Pomeron to obtain the amplitude that will satisfy the unitarity constraints. We are going to develop such an approach but in this paper we wish to use the well known feature of the CGC/saturation approach: the energy behaviour of the new dimensional scale (saturation moment) can be found from the linear equation (see Refs. [5, 39, 40] ). This scale is the solution of the equation
For the BFKL equation the solution to Eq. (3.26) is known. It takes the form
where Y = ln(1/x) is our energy variable, ω ′′ (γ) = d 2 ω(γ)/(dγ) 2 , the value of γ cr can be found from the equation [5, 39] :
where ψ (γ) = d ln Γ (γ) /dγ and Γ (γ) is the Euler gamma function. In Eq. (3.27) the first term was found in Ref. [5] , the second in Ref. [39] and the third term was calculated in Ref. [40] . The solutions to Eq. 
Conclusions
The main goal of this paper is to find how our assumption that the size of produced dipoles cannot be large, will affect the main properties of the BFKL Pomeron. To achieve this goal we solved the BFKL equation with the modified kernel of Eq. (1.2). We found out that the modified BFKL Pomeron has the same intercept ∆ as the BFKL Pomeron ( ∆ BFKL = ω BFKL = 4 ln 2ᾱ S ) and α ′ IP = 0. Therefore, the BFKL Pomeron with the modified kernel reproduces the main features of the soft Pomeron that has been found both from N=4 SYM theory [34] [35] [36] [37] and from the high energy Reggeon phenomenology [31, 32] : the large value of the Pomeron intercept (ω 0 ≈ 0.2−0.3) and α ′ IP = 0. These both conclusions are in agreement with the numerical solution of the modified BFKL and BK equations [14, 15] . ¶ In the first preprint version of this paper the equation for the saturation scale was written incorrectly as N We consider as one of the results of this paper that we developed several methods to solve the modified BFKL equation analytically (semi-classical and diffusion approximations). The fact that these methods work we checked with the numerical calculation.
Actually, we were surprised that the model for confinement changed so little in the BFKL Pomeron and on qualitative level, the Pomeron that emerges from the modified BFKL equation, looks quite the same at the BFKL Pomeron, both in parameters and in character of the energy behaviour. It seems that the only difference between the BFKL Pomeron and the modified BFKL Pomeron is that the second has a correct large impact parameter behaviour.
We believe that this statement does not depend on the particular form of Eq. (1.2). As it has been mentioned the analytical approaches that have been developed in sections 3. +κ . The normalization condition selects out the only eigenfunction
+κ which has no divergency at x 12 → 0. Using this function we cannot satisfy the condition at x 12 → ∞ and, therefore, we have no solution of Eq. (4.1) for ν = iκ. Hence, we expect that the spectrum for the modified Hamiltonian will be the same as the BFKL spectrum. We plan to investigate different models of confinement and demonstrate that our general arguments works.
The independence of the spectrum of the BFKL Pomeron on the models for the confinement gives us a hope that the unknown confinement will change only slightly the equations of the CGC/saturation approach and these changes will not depend on the particular way of taking into account the long distances physics. In simple words, this paper gives a hope that the CGC/saturation approach will be still a theory in spite of needed model modifications due to confinement. The main ingredient of the CGC/saturation approach: the saturation momentum, can be calculated from the solution of the linear equation. Its value turns out to be the same as for the BFKL equation. This fact confirms our expectations that a modification of the BFKL kernel for correct large b behaviour will not lead to a significant alteration of the CGC/saturation approach.
Eq. (2.16) is new and using this equation we are able to calculate directly |b 2 (Y, l) | which gives the information on the effective slope of the resulting Pomeron. However, we have not solved the modified BFKL equation at fixed b. Therefore, at the moment we cannot discuss changes that the correct b behaviour could trigger in azimuthal correlations that are originated by the BFKL Pomeron. However, since we introduce a new dimensional scale B that cuts large distances, we can expect changes in the estimates of local anisotropy and density variation outside of the saturation region ( see Kovner's talk [44] ). Nevertheless it is too early to discuss this topic without obtaining the solution.
Our discussions with our colleagues show that we need to comment on the BFKL Pomeron with running QCD coupling. It has been intensively discussed in Refs. [43] how to satisfy the general initial conditions that are originated by confinement in the case of the BFKL Pomeron with running QCD coupling. In particular, it turns out that the confinement manifests itself in a series of the Regge poles making the entire picture close to the high energy phenomenology based on the Regge poles. However as it has been discussed in section 2, it is not enough to satisfy the initial conditions to introduce the correct impact parameter behaviour. We have to change the BFKL kernel. In the approach of Refs. [43] the initial conditions that stem from the confinement , are satisfied without making any corrections to the BFKL kernel, and this approach does not change the large impact parameter behaviour of the scattering amplitude. Thus we need to take into account the running QCD coupling in addition to the modeling of confinement in the BFKL kernel. We are planning to do this in our future publications. At the moment, it is clear that the confinement modeling provides the scale for freezing the running QCD coupling that has been introduced in all numerical solutions of the non-linear equation (see Ref. [45] ). 
